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ABS TRAGE 


Properties of the hazard rate function are examined for 
a warm standby system composed of one main component with 
an exponentially distributed life length and one standby 
component with a two-stage exponentially distributed life 
length. Emphasis is placed on comparing the warm standby 
hazard rate function with the hazard rate functions for 
Clove parallel and cold standby systems. 

Graphical analysis suggests certain hazard rate proper- 
ties, some of which are proved while others are conjectures. 
Properties with possible applications examined include 
initial and terminal values, monotonicity, and choice of 
component for the active role. Areas requiring further 


investigation are noted. 
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Lo eiNTRODUCT ION 


Consider a system composed of two independent compo- 
nents each'’of which performs the same task. In order for 
the system to complete its assigned mission either one 
or both components must function throughout the mission. 
Each component is assumed to have a random life length. 

A practical example might be a shipboard steam generator 
and an emergency aeeenl generator. 

The two-component system may operate in one of three 
modes: 

a leeiesltl is i 

Zen Cold standby 

3. Warm standby 
In the parallel mode both components function at full ca- 
pacity simultaneously. In the cold standby mode component 
two does not begin to function until component one fails. 
The warm standby mode is the intermediate case where com- 
ponent two operates at a fraction of its capacity until 
unit one fails at which time it becomes fully operational. 

ihe hazard rate function 2Sean Intomlabeiye anan Tiel 
tively appealing characterization of life distributions. 
Properties of the cold standby hazard rate function were 
studied by Barlow, Marshall, and Proschan [Ref. 1] when 
the components have increasing failure rate distributions. 
The hazard rate function for the parallel sv/ctenenac eee 


studied by Esary and Proschan [Ref. 4] and by Bryson 





(Ref. 3] when the components have exponential distributions, 
and by Birnbaum, Esary, and Marshall [Ref. 2] when the com- 
ponents have increasing failure rate average distributions. 
The concern in this thesis is to examine the properties 
of the hazard rate functions of the three system modes. 
Component one is assumed to have an exponential life dis- 
tribution. Component two is assumed to have a two-stage 
exponential life distribution where the first stage failure 


rate is a fraction of the second stage failure rate. 





li... DERIVING THE JAZAeD RAE 


a) LHe SURVIVAL PUNerien 

The survival function is defined as the complement of 
the usual distribution function. Let T>0 represent the 
random time to failure of the system. The survival func- 
mae as) then © (t)e=6P (Tatoo 


For the systems considered herein, let T. represent the 













time to failure of component i, for i= 1, 2. Assume T, 
has an exponential distribution with failure rate i - As- 
sume T., has the failure rate oh. for all tsT, and the fail- 
ure rate 5 form ali tT) where 0<@8<1. The situation is 
illustrated in Figure l. 
Component one EE 
Component two BE NAD) 
time 
oa 2 


PiCURi i ULE SSE BUM Een Ob al 


For the system to survive a mission of duration t, 
either component one must survive to time t, or fail at 
some time s<t while component two survives to time s and 


Enen On tO tame ££. taen, 


F(t) = ei ee i pte VA2s8 a 2 (t-s) ae hs Ae 
O 


= TALE 4g QmAZE pty Qo (AI (1-8) AQIS ge tao, 


Oo 


ae (S 





The derivation proceeds in two cases: 


Case, lL: A, #(1-6)A Eien 


Pie 


- - -(,1+ ft 
F(t) = (Ay- (1-8) Ag)e *2¥ 4+, e A2%-y 1 (11+6A2) 


: C20 
Aya (1-8) A, 
Case II. If hy = (1-6)A., then 
PGE. = peso nn Nyaa 2 tS On 


é 


This survival function is applicable for all three modes 
of the system. That is, for 86 = 0, the cold standby sur- 


Vival function is Case I (A, 7 ho). 


a Neer 2a = eres 

F(t) =---~--:-:-.,.\..— , t>0, ; 
Ay -- hs 

Case II (A, = ho = )). 

-- -At 

F(t) =e (1+At), eeel8le 


For 9 =1, the parallel mode survival function is 


F(t) - aaa sy ame Fe ; t20. 


Be CHE HAZARD RATE 

The hazard rate function, r(t), is defined as the nega- 
tive derivative of the survival function divided by the 
survival function. That is, r(t) = £(e)7F (hee necre ata 
-dF (t) /dt is the density function. For ali 0-0-ieeac 


hazard rate is 





Case lI. 


=) = es 
Ay (Aj= (1-8) A5)en boaiaie: Zeer eee 


ee) = 
eG a 
ie) ie} 
Case II. 
a) = Ae 
A,€ 
ct = 


For the boundary cases, 


the cold standby system (8=0) is 


Case I (A, 7 hy). 
hyd» ‘ie ee - one) 
r(t) = ; E207 
—A5t —-rA7t 
) ae ij} 
Ae doe 
Case II (A) = 5 = )) 
At 
r(t) = P C20 
1+ At 


For the parallel system (8 


A,e 


Yr Ce) 


-Aj)t = 
thoe 


A5t 
-(A, tr, )e 


e fl ye 2a, ieee 


A 7 (1-6)4, 
_ ~Ayt “Agt_ 
(1 8)A,)e tA ADE hy (A, FOA 
uw ae IRE =e) eae = 
(A, (cl 8)A,)e +r, € A,e 
Me aoe -A9t 
+A, A,te hie : Oe 
“ALE, agte “2%. e A2t 
: Veale) 
eA1ty) te A2t 
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Normalization 
tates graphing of 
9) and Oo 
yee 


hyF OAL HA 


let T = t (A +A, 


GRAPHS OF THE HAZARDS REE 


of the failure rates, hy and i 


the hazard rate function. 


= dof (Ay +A5) - Then a. + a 


JL 2 


Then 


Case I rT x (1 - 8) a. . 
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5! facie 


et a. = 
= 1l. Also, 


yeu leet 


eee, 


ae a Ta UT TAQT 
, . a, (a, (1 8)a,)e Fa, a5¢ a, (4, +08a 
one Sole aC en = oly parlseig) |] 1 
(o5 (1 8)a,)e +a,e a, ¢e 
Case II a, = (1 - O)a.. 
mo T ~A9T =O. 7 
a,€ gO Oana © tee 2) 
mr ye = 1 lle Y 1 1>0 
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The normalization described above is equivalent to the 


change of.scale S 


Lo (tT) 


= (A, th, )T, for which 


Figures 2.1 through 2.8 are presented to illustrate 


certain properties and conjectures in the next section. 


The hazard rate and time have been normalized in accord- 


ance with the procedure described above. 
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Normalized Hazard Rate, 
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Normalized Time, T 


FIGURE 2.3. WARM S@ANDBY, 8 = 75 


ES 





1.) 


Normalized Hazard Rate, 
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IV. PROPERTIES OF THE DEAZARD VR a 


The figures of the previous section suggest that the 
system hazard rate function has certain properties, some 
of which are subject to easy proof and some of which cur- 


rently stand as conjectures. 


A. THE INITIAL HAZARD RATE 
The hazard rate at time T = 0 is zero for all three 


modes. That is, 


Case I. 
a, (a —-(1-8)a.)+a,a.-a, (a,.+8a.) 
=o Dales Z 12 lial 2 a 
(a,—-(1-9)a,) + 4-4 
Case II. 
r(0) = a, taj,a.,(0)-a, = 0. 


B. TERMINAL VALUE OF THE HAZARD RATE 
For all three modes the terminal value of the hazard 


mace function is the minimum of a. and a_. That is, 


iL 2 
Gace 1. For A)<SA5, 
Sete =(Go> Oh) a Slleyo nas 
em r(t) © lin Cr On le no G1 (a) +Ga5)e 
tT > © ans. - ; 
Le a ae ADA] 1. = agt 
(o5 (al 9)a,)ta,e ae 
= O17 


. < 
Case [I Ons A5SO1 4 


iE, 





em Cr) 


T + & 


ay (04-(1-8)a,)e (81792) Faq OL “a, (a,+8a,)e@ (1792 (1-9) ) 7 


lim eZ 
ia? migsien- - {a ]-a9)T 2 = (6 1 -e > CES ein 
(a, (1 8)a,)e +a, a,e 
= Soy 
Case II. For all O<é6<l1, S05, 
OC O ee MeL) SSE eLe e 
ie r(t) . lam Lal 2 1 7 
T > @ ~  ‘T-~00 y _ =e 
l+a,Te (a2 aay 


ee MONOTONICITY OF THE HAZARD RATE 

For any value of 4 and a5 the hazard rate functlenmron 
the cold standby system (9 = 0) 1s monotonically increasing. 
This 1s easily shown, and is a special case of a theorem 
peevea in [Ref. l]. If A, = Ay the hazard rate of the 
parallel system (@ = 1) 1S monotonically increasing. This 
is also easily shown, and is a special case of a result 
given in [Ref. 4]. 

nit Oy = a. 5 =a, the hazard rate for the warm standby 


system is also monotonically increasing, since then FT f 


(l - O)a5, that is 6 #1, and 


-8aT 
tert TD ) = ses JC) lee Seana gap. (0) > 
Brom wHecd 
adr (Tt) _ (1+6 ) 2a ano 


; 20, fOr alll tar 


Ents property ws aliustratea im figures 7. 
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D. VARIATION OF THE HAZARD RATE WITH 6 


Consider two values of 6, 01°95. One might expect that 


for fixed Oy and a. 


rg, (tT) 2%, (T) ime ye lel 40 22'0)- 


Figure 2.7 and 2.8 where a, = aS eeciacl a, = ./ respectively 


suggest that this is true. However, for a, = oS (Bag 2.26) 


rg, (t)2r@, (T) itOmura LL F207 


However, it appears that for any fixed oT and a5 and 


any 6>0 
Ky (T)2X_Q (7) fOr all ~t20- 


ims CONWVecture 1S suggested by Figs. 2.6, 2.7, and 2.38, 





Moreover, if ory = a. = a and 05795, then 

rg, (t)24r9, (T) gepe slit 2.0 F 
Since then 

-O8aT -OaT 
dr(t) _ ae { (1+6)8at-(l-e ) 3 
eee ti u20:,; 
36 (ipeeoe=penlbanc 

cs lysis 2 Searcy erce Gir Qeiaucrsy hene oo >0, for all t20. 


E. INTERCHANGEABLE COMPONENTS 


Consider two components with failure rates orn and Ch - 


Yr({(1t)0.°="O_;, O@2-= O20 =—"r (7) oo 


l Uo B lL Be) ee 


2 A 


7 Ak 





if 6 =0 or 0 = 1. For the cold standby andiparal ei. 
tems interchanging the two components does not change the 
Ifazard rate LunctiOnes Pigs. 2.) andes) 


i i O20, For any O0s6<1l, it appears that 


Bite. =— oO eee oe Se eek awe! 


1 Al >» Bo 1 Ow = a. for aa 750. 


I Shier ape A 

For the warm standby mode, letting component one have the 
maximum failure rate of the two components seems to yield 

a lower system hazard rate for all t than letting component 


two have the maximum failure rate. This conjecture is 


pmegested by Figs. 2.2, 2.3, and 2.4. 


F. SUMMARY 

The cold standby and parallel hazard rate functions have 
been studied previously and many of their properties have 
been proven and are generally Known. 

Because of the more complex nature of the warm standby 
hazard rate function some of the properties presented here- 
in are conjectures based on graphical analysis. Further 
investigation of these conjectures is needed. In addition, 
determining if the warm standby hazard rate function has an 
increasing hazard rate average for all values of 6, Gas and 


ee would be particularly interesting. It 1s known that 


2 
this is the case for the parallel system [Ref. 2]. 
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